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Abstract 



The problem of neutral fermions subject to a pseudoscalar potential is investi- 
gated. Apart from the solutions for E — ±mc^, the problem is mapped into the 
Sturm-Liouville equation. The case of a singular trigonometric tangent poten- 
tial (~ tan 7a;) is exactly solved and the complete set of solutions is discussed 
in some detail. It is revealed that this intrinsically relativistic and true confin- 
ing potential is able to localize fermions into a region of space arbitrarily small 
without the menace of particle-antiparticle production. 



1 Introduction 



The four-dimensional Dirac equation with a mixture of spherically symmetric 
scalar, vector and anomalous magnetic-like (tensor) interactions can be reduced 
to the two-dimensional Dirac equation with a mixture of scalar, vector and pseu- 
doscalar couplings when the fermion is limited to move in just one direction 
{Py = Pz = 0) [1]. In this restricted motion the scalar and vector interactions 
preserve their Lorentz structures while the anomalous magnetic-like interaction 
becomes a pseudoscalar. This kind of dimensional reduction does not necessar- 
ily imply that the reduced Dirac equation describes a fermion in an unrealistic 
two-dimensional world. As a matter of fact, since there is no spin flip in a 
one-dimensional motion the two-dimensional version of the Dirac equation can 
be thought as that one describing a fermion embedded in a four-dimensional 
space-time with either spin up or spin down [2j. This happens because the four- 
dimensional Dirac equation with its four-spinor can be split into two independent 
Dirac equations with two-spinors associated with either spin up or spin down. 
Each one of these two-spinors has upper and down components associated with 
particle and antiparticle respectively. The absence of angular momentum and 
spin-orbit interaction in the two-dimensional Dirac equation as well as the use 
of 2x2 matrices, instead of 4x4 matrices, allow us to explore the physical con- 
sequences of the negative-energy states in a mathematically simpler and more 
physically transparent way. 

The anomalous magnetic-like (tensor) coupling describes the interaction of 
neutral fermions with electric fields and the bound states of fermions in one-plus- 
one dimensions by a pseudoscalar double-step potential [3] and their scattering 
by a pseudoscalar step potential [1] have already been analyzed in the literature 
providing the opportunity to find some quite interesting results. Indeed, the 
two-dimensional version of the anomalous magnetic-like interaction linear in the 
radial coordinate, christened by Moshinsky and Szczepaniak [5j as Dirac oscilla- 
tor and extensively studied before [6]- [15], has also received attention. Nogami 
and Toyama [16], Toyama et al. [17] and Toyama and Nogami [18] studied the 
behaviour of wave packets under the influence of that parity-conserving poten- 
tial whereas Szmytkowski and Gruchowski [19j proved the completeness of the 
eigenf unctions. More recently Pacheco et al. [20] studied a few thermodynam- 
ics properties of the 1-|-1 dimensional Dirac oscillator, and a generalization of 
the Dirac oscillator for a negative coupling constant was presented in Ref. [2T] . 
The two-dimensional generalized Dirac oscillator plus an inversely linear poten- 
tial has also been addressed [22] • Furthermore, the two-dimensional generalized 
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Dirac oscillator plus scalar and vector harmonic potentials have found a few 
applications relating nuclear phenomena [23]. 

The parity-conserving pseudoscalar potential ~ tanh 7X is of interest in quan- 
tum field theory where topological classical backgrounds are responsible for in- 
ducing a fractional fermion number on the vacuum. Models of these kinds, 
known as kink models are obtained in quantum field theory as the continuum 
limit of linear polymer models [23]-[2S]. Recently the complete set of bound 
states of fermions immersed in the background of the pseudoscalar potential 
V = Hey g tanh 'yx, termed kink-like potential, has been addressed ^27] . 

In the present work the pseudoscalar potential ~ tan 7a; is investigated. This 
trigonometric potential has a kink profile in a finite region of space and reveals 
to be essentially confining. Beyond the confinement property, this potential 
presents the harmonic oscillator and the infinite square well as limit cases. A 
peculiar feature of this potential, and for the potential analyzed in Ref. [27] 
as well, is the absence of bound states in a nonrelativistic theory because it 
gives rise to an ubiquitous repulsive potential. Fortunately, apart from solutions 
corresponding to = mc^, the problem is reducible to the finite set of solutions 
of the nonrelativistic exactly solvable symmetric Poschl- Teller potential for both 
components of the Dirac spinor subject to a constraint on their nodal structure. 
The whole spectrum of this intrinsically relativistic problem is found analytically, 
if the fermion is massless or not. A remarkable feature of this problem is the 
possibility of trapping a fermion with an uncertainty in the position that can 
shrink without limit as I7I and \g\ increase without violating the Heisenberg 
uncertainty principle. This high degree of localization of fermions in a single- 
particle interpretation of the theory is made plausible by the introduction of the 
concept of effective wavelength. 

2 The Dirac equation with a pseudoscalar po- 
tential in a 1 + 1 dimension 

The 1+1 dimensional time- independent Dirac equation for a fermion of rest mass 
m coupled to a pseudoscalar potential reads 

= E^, H = cap + I3mc^ + /37V (1) 

where E is the energy of the fermion, c is the velocity of light and p is the 
momentum operator. The positive definite function l^/'p = ip^ip, satisfying a 
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continuity equation, is interpreted as a position probability density and its norm 
is a constant of motion. This interpretation is completely satisfactory for single- 
particle states pSj. We use a = o\ and /5 = (T3, where a\ and cxs are Pauli 
matrices, and ^y' = ct2- The charge conjugation operation requires that if ijj 
is a solution with eigenenergy E for the potential V then aiip* is a solution 
with eigenenergy —E for the potential —V. It is interesting to note that the 
unitary operation just exchanging the upper and lower components of the Dirac 
spinor induced by preserves the eigenenergies for a massless fermion when 
V — i> —V. The Dirac equation is covariant under x — —x if V changes sign. 
This is because the parity operator P = exp (77) Pqcts, where 77 is a constant phase 
and Pq changes x into —x, commutes with but anticommutes with cxi and (T2. 

Provided that the spinor is written in terms of the upper and the lower 
components, ip^ and ip- respectively, the Dirac equation decomposes into: 

{-E ± mc^) ^± = ihcip'^ ± iV^^ (2) 

where the prime denotes differentiation with respect to x. In terms of and 
defined on the closed interval [a, 6], the spinor is normalized as 

h 

+ = 1 (3) 

so that and ip- are square integrable functions. 

The boundary conditions on the eigenfunctions come into existence by de- 
manding that the Hamiltonian is Hermitian, viz. 

b pb 

dx i^i{Hi^n') = / dx Wn)Hn' (4) 
J a 

where ipn is an eigenspinor corresponding to an eigenvalue i?„. In passing, note 
that a necessary consequence of Eq. (jl]) is that the eigenspinors corresponding 
to distinct effective eigenvalues are orthogonal. It can be shown that (jl]) is 
equivalent to 

It is clear from the pair of coupled first-order differential equations given by 
that and have definite and opposite parities if the pseudoscalar potential 
function is odd. In this case, beyond the appropriate boundary conditions on 
the extremes of the interval, we can impose boundary conditions at the origin 



/ 

J a 
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in two distinct ways: even functions obey the homogeneous Neumann condi- 
tion [d%l) / dx\x=Q = 0) whereas odd functions obey the homogeneous Dirichlet 
condition {ijj (0) = 0). 

In the nonrelativistic approximation (potential energies small compared to 
mc^ and E ^ mc^) Eq. ([2]) becomes 



Eq. ([HD shows that ip- is of order v/c « 1 relative to 4'+ and Eq. ([7]) shows that 
ip+ obeys the Schrodinger equation. Note that the pseudoscalar coupling results 
in the Schrodinger equation with an effective potential in the nonrelativistic limit, 
and not with the original potential itself. Indeed, this is the side effect which 
in a 3+1 dimensional space-time makes the linear potential to manifest itself 
as a harmonic oscillator plus a strong spin-orbit coupling in the nonrelativistic 
regime [5]. The form in which the original potential appears in the effective 
potential, the V"^ term, allows us to infer that even a potential unbounded from 
below could be a binding potential. This phenomenon is inconceivable if one 
starts with the original potential in the nonrelativistic equation. 

It is also noticeable that the change V —>■ \^+const into the Dirac equation, 
and into its nonrelativistic limit as well, does not just implies into the change 
E — > E+ const. Strange to say, the energy itself and not just the energy 
difference has physical significance. It has already been verified that a constant 
added to the screened Coulomb potential [29] as well as to the inversely linear 
potential [30] is undoubtedly physically relevant. As a matter of fact, it plays a 
crucial role to ensure the existence of bound states in those cases. 

For E 7^ ±mc^, the coupling between the upper and the lower components of 
the Dirac spinor can be formally eliminated when Eq. ([2]) is written as second- 
order differential equations: 



Here V is the superpotential corresponding to the Sturm-Liouville supersym- 
metric partner potentials V'^/{2c'^) ^ hV /{2c). This supersymmetric structure 
of the two-dimensional Dirac equation with a pseudoscalar potential has already 
been appreciated in the literature [18] , [31] as has been too for a scalar potential 









4 



[22] • These last results show that the solution for this class of problem consists 
in searching for bound-state solutions for two Schrodinger equations. It should 
not be forgotten, though, that the equations for '0+ or are not indeed in- 
dependent because E appears in both equations. Therefore, one has to search 
for bound-state solutions for both signals in ([8]) with a common eigenvalue. At 
this stage one can realize that the Dirac energy levels are symmetrical about 
E = 0. It means that the potential couples to the positive-energy component 
of the spinor in the same way it couples to the negative-energy component. In 
other words, this sort of potential couples to the mass of the fermion instead 
of its charge so that there is no atmosphere for the spontaneous production of 
particle-antiparticle pairs. Thus there is no room for transitions from positive- 
to negative-energy solutions. This all means that Klein's paradox never comes 
to the scenario. 

The solutions for E = ^mc^, excluded from the Sturm-Liouville problem, 
can be obtained directly from the Dirac equation ([2]). One can observe that such 
a sort of isolated solutions can be written as 



ipzf = exp [=F'i^(a^)] 

(9) 

'Zinc 

ip'-i- =F v'ip± = ±i — r— A^=f: exp [=Ff (x)] 

where A^_|_ and are normalization constants and v{x) = dyV{y) /{he). 

The upper and the lower components can be normalized as j^dx\i})±\^ = 
\N±\^ and the absolute values of the relative normalization constants, and 
N_, can be calculated from the Dirac equation ([2]). Indeed, one has 

l-h 

[E±mc^) I dx\i)^\^ =[{hcfi)li)'^ThcV\il)±\^] 

J a 



1 x=b 



(10) 



by imposing boundary conditions which do not break the condition expressed 
by ([5]), ip± (b) = ip± (a) = for instance, the first term on the right-hand side of 
(fTOj) vanishes. Hence one can conclude that 

dx\ij^\^ = ^^"^^^ for E^±m^ (11) 
E =1= mc^ 
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and 



Finally, use of ([3]) and ( fTTl) yields 



Of course, a possible solution with E = +mc^ {E = —mc^) has a Dirac spinor 
with a vanishing lower (upper) component. One can observe that such sort of 
isolated solution for E = +mc^ is 

^ - f J 1 (14) 



and for E = —mc^ is 



^ ~ e-M J J (15) 



It is worthwhile to note that whereas one component of the Dirac spinor vanishes 
the other one obeys a second-order differential equation similar to (IHl), viz. 

~Y'^''^^\2^^2'/')'^^^^ '''''^ "^^^^ ^^^^ 

Of course well-behaved eigenstates are possible only if V has an appropriate 
behaviour at the endpoints of the range [a, b] [27] . It is noticeable that a possible 
solution with E = —mc^ uncurtains a quintessentially relativistic solution. 



3 The trigonometric tangent potential 

Now let us concentrate our attention on the potential 

V = hey g tan ■yx (17) 

where the kink parameter, 7, and the dimensionless coupling constant, g, are 
real numbers. Due to the infinities at a; = ±7r/(2|7|) we restrict ourselves to 
\x\ < 7r/(2|7|). This potential is unbounded from below so that it is unable to 
bind a fermion in the nonrelativistic theory. The potential is invariant under 
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the change 7 —7 so that the results can depend only on I7I whereas the sign 
of V depends on the sign of g. Since the solutions for different signs of g can 
be connected by the charge conjugation transformation, and also by the chiral 
transformation in the event of massless fermions, we restrict ourselves to the 
case g > 0. 

The Sturm-Liouville problem corresponding to Eq. ([HD becomes 

^± + KS^± = ^eff^± (18) 

where we recognize the effective potential as the exactly solvable symmetric 
Poschl- Teller potential [55]-[S7] 

KS ix) = ^[gig±l) tan^ 7X ± g] (19) 

whose normalizable eigenfunctions corresponding to bound-state solutions, sub- 
ject to the boundary conditions ^/'i = as = 7r/(2|7|) (where the potential 
becomes infinitely steep) and identically zero for |x| > 7r/(2|7|), are possible 
only if the effective potentials for both and ip- present potential-well struc- 
tures. According to (fT9|) . this demands that g > I. The corresponding effective 
eigenenergy is given by (in the notation of Refs. [3S]-ISZ| 5'(5'±1) = A(A — 1)) 

^eff = = ^ K + 2n±A± + A± ± ^) (20) 

where 



\+ = g + l, \- = g, n± = 0,1,2,... (21) 

Notice that vlf} is an even function under x —x. Furthermore, the capacity 
of the potential to hold bound-state solutions is infinite. In fact, the effective 
potential is a well potential limited by infinite barriers at x = 7r/(2|7|). Referring 
to (fT9|) and (!20|) one can note that the Dirac eigenenergies are restricted to the 
range 

\E\ > sjm?c^ + {hc-ifg (22) 

and that there is no continuum. Since the positive- and negative-eigenenergies 
never intercept once again one can see that Klein ' s paradox is absent from the 
scenario. In other words, the pseudoscalar tangent potential is a true confining 
potential. Furthermore, the fermion tends to be confined into a region of space 
which tends to zero as I7I — > cxo. In order to match the common effective 



7 



eigenvalue for the effective potentials v}^} and vj^f , one can see from fl20l) - fl2Tl) 
that there appears the constraint 

n_ = n+ + l (23) 

requiring that n_ = 1,2,3,... This last fact can be better understood by ob- 
serving that Kf~f is deeper than V^^l Now, ([20])-([2lD tell us that 



E = ± ^^m?c^ + {hc-iY [n\ + 2n+ {g + l) + 2g + 1] (24) 
The upper and lower components of the Dirac spinor can be written as (see Ref. 

I) 




= ,/ |7l («. + A.) ^-^^^^ (1 - z^-r Pl':-,iUn (-) (25) 



where z = sin7x and P/f (z) is the associated Legendre function of the first kind. 
In terms of the Gegenbauer (ultraspherical) polynomial, Cn"^ (z), a polynomial 
of degree n defined on the interval [—1, +1], the components of the Dirac spinor 
can be written as 



^± = iV± 2-^^/2171 (n± + A±) ^/^^ + ^\ ^^^^\ , (l - (.) 
^ y ini±^ ^^r(n±+2A±) r(A± + l/2) ^ ' "± ^ ^ 

(26) 

Since Cn^ (— z) = (— )" Cn^ (z) and CiC^ {z) has n distinct zeros (see, e.g. [38]), it 



becomes clear that ^p+ and ^jj- have definite and opposite parities, as expected. 
Furthermore, the number of nodes of ip+ and ip- just differ by ±1 according 
to the rule expressed by fl23l) . Note that these solutions for the second-order 
differential equations given by flTS]) . for E ^ —mc^, is entirely equivalent to the 
Dirac equation itself provided N± satisfy Eq. (22). 

It is noteworthy that the width of the position probability density decreases 
as I7I or g increases. As such it promises that the uncertainty in the position can 
shrink without limit. It seems that the uncertainty principle dies away provided 
such a principle implies that it is impossible to localize a particle into a region 
of space less than half of its Compton wavelength (see, for example, p^). This 
apparent contradiction can be remedied by resorting to the concept of effective 
mass. The previous results suggest that one can define the effective mass as 



me±f = \lm'^ + [ ^ j g (27) 
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in such a way that the Dirac eigenenergies are restricted to the range \E\ > 
rrieffC^. Now it is possible to define the effective Compton wavelength as Agff = 
^/('^effc). Hence, the minimum uncertainty in the position consonant with the 
uncertainty principle is given by Aeff/2 whereas the maximum uncertainty in the 
momentum is given by rrieffC. It means that the localization of a neutral fermion 
can shrink to zero without spoil the single-particle interpretation of the Dirac 
equation, even if the trapped neutral fermion is massless. It is true that as I7I 
or g increases the binding potential becomes stronger, though, it contributes to 
increase the effective mass of the fermion in such a way that there is no energy 
available to produce fermion-antifermion pairs. 

Turning now to the isolated solutions, one can observe from fll4l) and (1151) 
that a normalizable isolated solution is possible only if the upper component of 
the spinor vanishes and E = —mc^. The normalized Dirac spinor can be written 
as 

independently of the magnitude of g. It turns out that g > 1. Indeed, ip- 
satisfies Eq. ( TTSi) with given by ( |T9l) {Eeft = 0). Therefore, the coupling 
constant for an isolated solution has precisely the same restriction as that one for 
the solutions of the Sturm-Liouville problem. After all, the best localization of 
fermions as well as the validity of the uncertainty principle is unperturbed if one 
uses the effective mass given by (1271) . As a matter of fact, a numerical calculation 
for the most critical case (m = 0) with g = 1.001 yields Ax = 0.5680Aeff and 
Ap = 0.9995meffC, regardless the value of 7 {h = c = 1). 

4 Conclusions 

We have succeeded in searching for the complete set of exact bound-state so- 
lutions of fermions in the background of a pseudoscalar trigonometric tangent 
potential. This kind of potential has opposite values at the ends of the interval, 
viz. V (+7r/(2|7|)) = —V (— 7r/(2|7|)). It is this topological behaviour that gives 
rise to two different kinds of solutions. The potential admits no scattering states 
and, except for the solution E = —mc^, it presents a spectral gap greater than 
2meffC^. Since C^""^ (z) = 1 (see, e.g. [38]) and iV+ = for = — mc^, one can 
see that the position probability amplitude corresponding to the isolated solu- 
tion given by (p8|) can be written in the very same mathematical structure of the 
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remaining amplitudes. Thus, one could suspect that the isolated solution is just 
a particular case and that this segregation is a particularity of the method used 
in this paper. However, the isolated solution has some distinctive characteristics 
when compared to the solutions of the Sturm-Liouville problem which lead us 
to believe that, in fact, they belong to different classes of solutions. The isolated 
solution breaks the symmetry of the energy levels about E = exhibited by the 
solutions of the Sturm-Liouville problem, and the corresponding eigenspinor has 
one component differing from zero. It is this asymmetric spectral behaviour that 
leads to the fractionalization of the fermion number in quantum field theory [26] . 

For massless fermions, except for E = 0, the spectral gap is greater than 
2-\/3^c|7| and the Dirac Hamiltonian anticommutes with in such a way that 
the positive- and negative-eigenenergy solutions can be mapped by the operation 
i/j-E = CTsipE- The solution given by fl28l) appears now in the center of the spectral 
gap. 

As mentioned in the Introduction of this work, the anomalous magnetic-like 
coupling turns into a pseudoscalar coupling when the fermion experiences an one- 
dimensional motion. The anomalous magnetic interaction has the form —ifi/Sd ■ 
y(j){r), where n is the anomalous magnetic moment in units of the Bohr magneton 
and is the electric potential, i.e., the time component of a vector potential [28] . 
In one-plus-one dimensions the anomalous magnetic interaction turns into o"2/i0', 
then one might suppose that the trigonometric tangent potential is due to an 
electric potential proportional to In (cos7x)^. Therefore, the problem addressed 
in this paper could be considered as that one of confining neutral fermions by a 
bowl-shaped electric potential. 
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